On skew-Hadamard matrices  by Koukouvinos, C. & Stylianou, S.
Discrete Mathematics 308 (2008) 2723–2731
www.elsevier.com/locate/disc
On skew-Hadamard matrices
C. Koukouvinos, S. Stylianou
Department of Mathematics, National Technical University of Athens, Zografou 15773 Athens, Greece
Received 16 May 2004; received in revised form 23 September 2004; accepted 21 June 2006
Available online 6 June 2007
Dedicated to Professor Jennifer Seberry on the occasion of her 60th birthday
Abstract
Skew-Hadamard matrices are of special interest due to their use, among others, in constructing orthogonal designs. In this paper,
we give a survey on the existence and equivalence of skew-Hadamard matrices. In addition, we present some new skew-Hadamard
matrices of order 52 and improve the known lower bound on the number of the skew-Hadamard matrices of this order.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
A (1,−1)matrixH of order n is calledHadamard matrix ifHHT=HTH =nIn, whereHT is the transpose ofH and
In is the identity matrix of order n. A (1,−1) matrix A of order n is said to be of skew type if A− In is skew-symmetric.
A Hadamard matrix is normalized if all entries in its ﬁrst row and column are equal to 1. A skew-Hadamard matrix H
of order n can always be written in a skew-normal form as
H =
( 1 eT
−e C + I
)
,
where eT is the 1 × (n − 1) vector of ones, i.e. eT = (1, . . . , 1), and C is a skew-symmetric (0, 1,−1) matrix.
Two Hadamard matrices are said to be equivalent if one can be transformed into the other by a series of row or
column permutations and negations. It is well known that if n is the order of a Hadamard matrix then n is necessarily
1, 2 or a multiple of 4. However, it still remains open if a Hadamard matrix of order n exists for every n ≡ 0 (mod 4).
Since a Hadamard matrix of order 428 is found recently (see [22]), the smallest order for which a Hadamard matrix is
not yet known is n = 668.
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Skew-Hadamard matrices are of great interest (see [32]) because of their elegant structure, their beautiful properties
and their application in constructing orthogonal designs, D-optimal weighing designs for n ≡ 3 (mod 4) (see for
example [24]), and edge designs (see for example [12,18,19]).
In this survey article, we discuss the existence and the equivalence of skew-Hadamard matrices. We present some
known construction methods of skew-Hadamard matrices, the known results and also some new inequivalent skew-
Hadamard matrices of order 52. As a consequence, we improve the known lower bound of the number of inequivalent
skew-Hadamard matrices of this order from one [2] to 561.
2. Construction methods
Many constructions of Hadamard matrices are known but not all of them give skew-Hadamard matrices. In this
section we recall some well known methods for constructing skew-Hadamard matrices.
Theorem 1 (Wallis et al. [38, Theorem 4.1]). Let t be a non-negative integer and ki ≡ 0 (mod 4) be a prime power
plus one, for each i. Then there is a skew-Hadamard matrix of order 2t ∏ ki .
Theorem 2 (Wallis et al. [38, Theorem 4.2]). Let u be any odd integer and h the order of a skew-Hadamard matrix.
Then there is a skew-Hadamard matrix of order (h − 1)u + 1.
In order to explain the following constructions we need the deﬁnition of supplementary difference sets (sds)
(see [8,29]).
Deﬁnition 1. Let S1, S2, . . . , Sn be subsets of V , an additive abelian group of order v. These subsets are called
n − {v; k1, k2, . . . , kn; } sds modulo n if |St | = kt for t = 1, 2, . . . , n and for each m ∈ {1, 2, . . . , v − 1} we have
1(m) + · · · + n(m) = , where t (m) is the number of solutions (i, j) of the congruence i − j ≡ m(mod v) with
i, j ∈ St .
2.1. Constructions using Szekeres difference sets
More details on these constructions can be found in [36,38].
Deﬁnition 2. Let G be an additive abelian group of order 2m + 1. Then two subsets A ⊂ G, B ⊂ G, each of size m,
will be called Szekeres difference sets if
(i) a ∈ A ⇒ −a /∈A, and
(ii) for each d ∈ G, d = 0, the total number of solutions (a1, a2) ∈ A × A, (b1, b2) ∈ B × B of the equations
d = a1 − a2, d = b1 − b2, d = b1 − b2, is m − 1.
Alternatively, 2 − {2m + 1;m,m;m − 1} supplementary difference sets A and B are called Szekeres difference sets
if a ∈ A ⇒ −a /∈A.
Theorem 3. If A and B are two Szekeres difference sets of size m in an additive abelian group of order 2m + 1, then
there is a skew-Hadamard matrix of order 4(m + 1).
Theorem 4. Let q = 2m + 1 = pr ≡ 5 (mod 8) be a prime power and let G be the elementary abelian group of order
pk . Then there exist Szekeres difference sets of size m in G and a skew-Hadamard matrix of order 2(q + 1).
The following theorem was proved independently by Szekeres [36] and Whiteman [39].
Theorem 5. If q =pt =8m+1 is a prime power such that p ≡ 5 (mod 8) and t ≡ 2 (mod 4), then there exist Szekeres
difference sets of size 4m and a skew-Hadamard matrix of order 2(q + 1).
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2.2. The Williamson construction
Theorem 6 (Wallis et al. [38]). Let A, B, C and D be square matrices of order n. Further, let A be skew-type and
circulant and B,C,D be back-circulant matrices whose ﬁrst rows satisfy the following equations:
a1,j = −a1,n+2−j
b1,j = b1,n+2−j
c1,j = c1,n+2−j
d1,j = d1,n+2−j
a11 = b11 = c11 = d11 = +1
2jn
⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
, (1)
where A = (aij ), B = (bij ), C = (cij ), D = (dij ) and every element is +1 or −1. If
AAT + BBT + CCT + DDT = 4nIn,
then
H =
⎛
⎜⎜⎜⎝
A B C D
−B A D −C
−C −D A B
−D C −B A
⎞
⎟⎟⎟⎠ (2)
is a skew-Hadamard matrix of order 4n.
2.3. The Goethals–Seidel construction
Let G be an additive abelian group of order n with elements g1, g2, . . . , gn and X a subset of G. Deﬁne the type
1(1,−1) incidence matrix M = (mij ) of order n of X to be
mij =
{+1 if gj − gi ∈ X,
−1 otherwise,
and the type 2 (1,−1) incidence matrix N = (nij ) of order n of X to be
nij =
{+1 if gj + gi ∈ X,
−1 otherwise.
In particular, ifG is cyclic thematricesM andN are circulant and back circulant, respectively. In this casemij =m1,j−i+1
and nij = n1,i+j−1, respectively, (indices should be reduced modulo n).
Theorem 7 (Goethals and Seidel [21] or Wallis et al. [38]). Suppose there exist four circulant (1,−1) (or type I)
matrices A, B, C, D of order n satisfying
AAT + BBT + CCT + DDT = 4nIn. (3)
Let R be the back diagonal matrix. Then the Goethals–Seidel array
GS =
⎛
⎜⎜⎜⎝
A BR CR DR
−BR A −DTR CTR
−CR DTR A −BTR
−DR −CTR BTR A
⎞
⎟⎟⎟⎠ (4)
is a Hadamard matrix of order 4n. Furthermore, if A is skew-type then GS is a skew-Hadamard matrix.
Some known classes of four matrices that can be used in the Goethals–Seidel construction are described in the
following:
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Four (1,−1) matrices A,B,C,D of order n (odd) with the properties:
(i) MNT = NMT for M,N ∈ {A,B,C,D};
(ii) (A − I )T = −(A − I ), BT = B, CT = C, DT = D;
(iii) AAT + BBT + CCT + DDT = 4nIn
will be called good matrices. These are found and used, among other places, in [17,27,31,37]. If instead of (i) and (ii)
we have
(i)′ MN = NM for M,N ∈ {A,B,C,D},
(ii)′ (A − I )T = −(A − I ), (B − I )T = −(B − I ), CT = C, DT = D,
then these matrices are called G-matrices. Such matrices were ﬁrst introduced and applied to construct skew-Hadamard
matrices by Seberry Wallis in [30], and studied further in [10,16,23,41]. Spence [35] has constructed an inﬁnite family
of G-matrices. Their orders are n = (q + 1)/2 where q is a prime power ≡ 5 (mod 8). The ﬁrst 10 such numbers are
n = 3, 7, 15, 19, 27, 31, 51, 55, 63, 75. If instead of (i) and (ii) we have (i)′ and
(ii)′′ (A − I )T = −(A − I ), (B − I )T = −(B − I ), (C − I )T = −(C − I ), DT = D
then these matrices are called best matrices. Such matrices have been recently introduced and applied to construct
skew-Hadamard matrices in [16]. We also need the deﬁnition of the quadratic character  on the elements of GF(pn),
p prime. That is,
(x) =
⎧⎪⎨
⎪⎩
0, x = 0,
1, x = y2, for some y ∈ GF(pn),
−1 otherwise.
Theorem 8 (Whiteman, [40] or [38, Theorem 4.15]). Let q be a prime power ≡ 3 (mod 8) and put n= (q+1)/4. Let 
be a primitive element of GF(q2). Put k =ax +b (a, b ∈ GF(q)) and deﬁne ak =(a), bk =(b). Let A,B,C,D be
square circulant matrices of order n whose initial rows are given by a0, a8, a16, . . . , a8(n−1); b0, b8, b16, . . . , b8(n−1);
a1, a9, a17, . . . , a8n−7; b1, b9, b17, . . . , b8n−7; respectively. Then the matrix H deﬁned by (4) is a skew-Hadamard
matrix of order 4n.
2.4. The Wallis–Whiteman construction
The theorems given in this section can be found in [33,38]. Theorem 9 is equivalent to Theorem 7 but they were
discovered independently and under different circumstances.
Theorem 9. SupposeX,Y andWare type1 incidencematrices andZ is a type2 incidencematrix of4−{v; k1, k2, k3, k4;∑4
i=1ki − v} supplementary difference sets. Then if
A = 2X − J, B = 2Y − J, C = 2Z − J, D = 2W − J ,
H =
⎛
⎜⎜⎜⎝
A B C D
−BT AT −D C
−C DT A −BT
−DT −C B AT
⎞
⎟⎟⎟⎠
is a Hadamard matrix of order 4v. Furthermore, if A is skew-type then H is a skew-Hadamard matrix of order 4v.
Theorem 10. Suppose X, Y and W are type 1 incidence matrices and Z is a type 2 incidence matrix of 4 − {2m +
1;m,m,m,m; 2(m − 1)} supplementary difference sets. Then, if
A = 2X − J, B = 2Y − J, C = 2Z − J, D = 2W − J
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we have that
H =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
−1 −1 −1 −1 eT eT eT eT
1 −1 1 −1 −eT eT −eT eT
1 −1 −1 1 −eT eT eT −eT
1 1 −1 −1 −eT −eT eT eT
e e e e A B C D
−e e −e e −BT AT −D C
−e e e −e −C DT A −BT
−e −e e e −DT −C B AT
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
is a Hadamard matrix of order 8(m + 1). Furthermore, if A is skew-type then H is a skew-Hadamard matrix of order
8(m + 1).
Theorem 11. Let q =2m+1=8f +1 (f odd) be a prime power. Then there exist 4−{2m+1;m,m,m,m; 2(m−1)}
supplementary difference sets X1, X2, X3, X4 for which y ∈ Xi ⇒ −y /∈Xi , i = 1, 2, 3, 4.
Corollary 1. Let q = 8f + 1 (f odd) be a prime power. Then there exists a skew-Hadamard matrix of order 4(q + 1).
2.5. Construction using amicable matrices
In order to provide twomethods formultiplying the order of skew-Hadamardmatrices we need the notion of amicable
Hadamard matrices [20, p. 252]. This was ﬁrst realized by Seberry Wallis in [26]. We recall that M = I + S and N are
amicable Hadamard matrices of order m if
(i) ST = −S, SST = (m − 1)Im;
(ii) NT = N , NNT = mIm;
(iii) MNT = NMT.
Using amicable Hadamard matrices we can give the next multiplication theorem.
Theorem 12. Let m and m′ be the orders of amicable Hadamard matrices. Then if there is a skew-Hadamard matrix
of order (m − 1)m′/m there is a skew-Hadamard matrix of order m′(m′ − 1)(m − 1).
Theorem 13. Let h be the order of a skew-Hadamard matrix and m the order of amicable Hadamard matrices. Then
there is a skew-Hadamard matrix of order mh.
More details on constructing skew-Hadamard matrices using amicable matrices can be found in [38].
2.6. Doubling construction
This construction method was ﬁrst given in [27] where it was used for the construction of a skew-Hadamard matrix
of order 184 using the skew-Hadamard matrix of order 92 which is also constructed in the same paper.
Theorem 14. Suppose that Hn = S + In is a skew-Hadamard matrix of order n. Then
H2n =
(
S + In S + In
S − In −S + In
)
is a skew-Hadamard matrix of order 2n.
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The smallest nontrivial order for which a Hadamard matrix exists is 2. A skew-Hadamard matrix of order 2 is
H2 =
( 1 1
−1 1
)
= S2 + I2.
The doubling construction can be used to give an inﬁnite family of skew-Hadamard matrices H2n = S2n + I2n of order
2n using
H2n =
(
S2n−1 + I2n−1 S2n−1 + I2n−1
S2n−1 − I2n−1 −S2n−1 + I2n−1
)
, (5)
for all n1.
2.7. Paley construction
One more inﬁnite class of skew-Hadamard matrices can be found in [25]. This construction is called the Paley
construction and can be used to give skew-Hadamard matrices of order n = q + 1, when q ≡ 3 (mod 4) is a prime
power.
3. Known results
There are two very tough problems concerning skew-Hadamard matrices. The ﬁrst being the existence and the con-
structionof suchmatrices.Although this problemhasbeenwidely studiedbymany researchers [5–9,16–18,21,31,37,39],
there are a lot of orders for which skew-Hadamard matrices have not been constructed yet. Recently, a skew-Hadamard
matrix of order 236 has been constructed in [13], and of orders 188 and 388 in [11]. The ﬁrst unsettled case corresponds
to order 276 = 69.4. The current status on known results and open problems on the existence of skew-Hadamard
matrices of order 2tm, m odd, m< 500, are given in Table 1, which is an update of Table 24.31 given in [4]. In Table 1,
we write m(t) if the skew-Hadamard matrix of order 2tm exists. An m(·) means that a skew-Haramard matrix of order
2tm is not yet known for any t. The values m< 500, missing from Table 1, indicate that a skew-Hadamard matrix of
order 4m exists. Seberry Wallis [28] conjectured that skew-Hadamard matrices exist for all dimensions divisible by 4.
The second problem is to ﬁnd the exact numberNn of inequivalent skew-Hadamard matrices for a given order n. This
problem has attracted a lot of attentions lately. In Table 2, we denote by n the order of the skew-Hadamard matrix and
Table 1
Existence of skew-Hadamard matrices
69(3) 89(4) 101(10) 107(10) 109(9) 119(4)
145(5) 149(4) 153(3) 167(4) 177(12) 179(8) 191(·) 193(3)
201(3) 205(3) 209(4) 213(4) 223(3) 225(4) 229(3) 233(4)
235(3) 239(4) 245(4) 247(4) 249(4) 251(6) 253(4) 257(4)
259(5) 261(3) 265(4) 269(8) 275(4) 277(5) 283(11) 285(3)
287(4) 289(3) 295(5) 299(4) 301(3) 303(3) 305(4) 309(3)
311(26) 317(6) 319(3) 325(5) 329(6) 331(3) 335(7) 337(18)
341(4) 343(6) 345(4) 347(18) 349(3) 353(4) 359(4) 361(3)
369(4) 373(7) 377(6) 385(3) 389(15) 391(4) 397(5) 401(10)
403(5) 409(3) 413(4) 419(4) 423(4) 429(3) 433(3) 435(4)
441(3) 443(6) 445(3) 449(·) 451(3) 455(4) 457(9) 459(3)
461(17) 465(3) 469(3) 473(5) 475(4) 479(12) 481(3) 485(4)
487(5) 489(3) 491(46) 493(3)
Table 2
Inequivalent skew-Hadamard matrices
n 2 4 8 12 16 20 24 28 32 36 40 44 48 52
Nn 1 1 1 1 2 1 16 54 6 18 22 59 1 561
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Table 3
Skew-Hadamard matrices constructed from four circulant matrices of order n
n hn Type-construction n hn Type-construction
3 1 Good matrices [37] 33 15 Good matrices [17]
1 G-matrices [14] 31 G-matrices [14]
1 Best matrices [16] 35 6 Good matrices [17]
5 1 Good matrices [37] 37 2 Good matrices [17]
1 G-matrices [14] 4 G-matrices [14]
7 3 Good matrices [37] 39 5 Good matrices [17]
1 G-matrices [14] 41 4 G-matrices [14]
1 Best matrices [16] 43 1 Goethals–Seidel type [5]
9 1 Good matrices [37] 49 12 Goethals–Seidel type [6]
2 G-matrices [14] 51 1 G-matrices [35]
11 3 Good matrices [37] 55 1 G-matrices [35]
13 6 Good matrices [37] 63 1 G-matrices[35]
8 G-matrices [14] 65 13 Goethals–Seidel type [6]
2 Best matrices [16] 67 1 Goethals–Seidel type [7]
15 11 Good matrices [37] 75 1 G-matrices [35]
32 G-matrices [14] 81 2 Goethals–Seidel type [9]
17 2 Good matrices [37] 93 4 Goethals–Seidel type [6]
19 8 Good matrices [37] 103 1 Goethals–Seidel type [9]
9 G-matrices [14] 113 1 Goethals–Seidel type [7]
21 10 Good matrices [37] 121 5 Goethals–Seidel type [6]
23 G-matrices [14] 127 1 Goethals–Seidel type [7]
21 Best matrices [16] 1 Good matrices [8]
23 6 Good matrices [37] 129 2 Goethals–Seidel type [6]
16 G-matrices [14] 133 9 Goethals–Seidel type [6]
9 Best matrices [16] 151 3 Goethals–Seidel type [9]
25 9 Good matrices [37] 157 1 Goethals–Seidel type [7]
13 G-matrices [14] 163 1 Goethals–Seidel type [7]
27 12 Good matrices [37] 169 2 Goethals–Seidel type [9]
20 G-matrices [14] 181 1 Goethals–Seidel type [7]
29 5 Good matrices [37] 217 4 Goethals–Seidel type [6]
31 3 Good matrices [37] 219 16 Goethals–Seidel type [6]
8 G-matrices [14] 241 1 Goethals–Seidel type [7]
8 Best matrices [16] 267 8 Goethals–Seidel type [6]
463 1 Goethals–Seidel type [9]
by Nn the number of known inequivalent skew-Hadamard matrices of order n. For n = 4, 8, 12, 20, 24, 28, 32, 44, 48
the conditions of Paley’s theorem are satisﬁed and thus we can construct a skew-Hadamard matrix of order n. N. Ito has
determined that for general skew-Hadamard matrices, there is a unique matrix of each order less than 16, two of order
16, and 16 of order 24. H. Kimura has found 49 of order 28 and 6 of order 32, see [34, p. 492]. Later Baartmans, Lin
and Wallis [1] improved the lower bound found by Kimura for order 28, showing that there are exactly 54 inequivalent
skew-Hadamard matrices of order 28. 22 skew-Hadamard matrices of order 40 were constructed in a resent paper (see
[15]). Results for orders 36, 44 have been recently given in [19,18], respectively. A skew-Hadamard matrix of order 52
was ﬁrst found in [2]. New results for n = 52 are presented in Section 4.
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In Table 3, we summarize the known results on good, G, best, and Goethals–Seidel type matrices of order n that
can be used to construct skew-Hadamard matrices of order 4n. By hn, we denote the number of known inequivalent
matrices of the corresponding type.
4. New skew-Hadamard matrices of order 52
In this section, we present the new skew-Hadamard matrices of order 52 that we have found. These new 561 matrices
have been found using the following method. We constructed as many matrices as possible and then used some of the
known criteria to check for the equivalence of these matrices. We decided to use the classical Goethals–Seidel array,
which is one of the most famous construction methods. For this purpose and using a simple program written in Delphi
ver. 5.0, we constructed many circulant matrices of order 13 satisfying (3). Then, using these 4-tuples of circulant
matrices in the Goethals–Seidel array (4) we obtain more than 3 000 000 skew-Hadamard matrices of order 52. Many
of these matrices are expected to be equivalent. In order to check the equivalence of these matrices we used the well
known “proﬁle” criterion [3]. We brieﬂy describe how this criterion works.
Suppose H is a Hadamard matrix of order 4n with typical entries hij . We write Pijk for the absolute value of the
generalized inner product of rows i, j, k and :
Pijk =
∣∣∣∣∣
4n∑
x=1
hixhjxhkxhx
∣∣∣∣∣ .
This criterion cannot distinguish all inequivalent Hadamard matrices. For example, it does not work in the case of
Hadamard matrices of order n = 20 because it gives the same proﬁle for all three equivalent classes of Hadamard
matrices of this order. The proﬁle criterion satisﬁes Pijk ≡ 4n (mod 8). We shall write (m) for the number of sets
{i, j, k, } of four distinct rows such that Pijk = m. From the deﬁnition and the above we have that (m) = 0 unless
m0 and m ≡ 4n (mod 8). We call (m) the proﬁle (or 4-proﬁle) of H . The (unique) matrices of order 4, 8 and 12
have proﬁles
(4) = 1,
(0) = 56, (8) = 14,
(4) = 495, (12) = 0,
respectively. The ﬁve inequivalent classes of order 16 gave four distinct proﬁles:
class H0: (0) = 1680, (8) = 0, (16) = 140;
class H1: (0) = 1488, (8) = 256, (16) = 76;
class H2: (0) = 1392, (8) = 484, (16) = 44;
class H3: (0) = 1344, (8) = 448, (16) = 28;
class H4: (0) = 1344, (8) = 448, (16) = 28.
The matrices of class H4 are the transposes of the matrices of class H3. The three classes of order 20 all gave the same
proﬁle
(4) = 4560, (12) = 285, (20) = 0.
Even though two inequivalent Hadamard matrices may have the same proﬁle, if two Hadamard matrices have different
proﬁle they are surely inequivalent. So, we shall use this criterion to check the equivalence of the derived skew-
Hadamard matrices and then we apply the “IsHadamardEquivalent” function of Magma ver.2.10-17 to separate any
remaining inequivalent matrices.
Using the above criterionwe have found out that there are 552 skew-Hadamardmatrices with different proﬁles. These
matrices and their proﬁles are given in theweb page “http://www.math.ntua.gr/people/ckoukouv/en_index.html”.When
we apply the Magma software ver.2.10-17 we have found 9 more inequivalent matrices. These matrices are also given
in the web page “http://www.math.ntua.gr/people/ckoukouv/en_index.html”. Thus, the lower bound for the number of
the inequivalent skew-Hadamard matrices of order 52 is 561.
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